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Interactions between water waves and floating structures, a numerical method

Geoffrey Beck1, Alan Riquier 2,∗

1Univ Rennes, IRMAR UMR 6625, Centre Inria de l’Université de Rennes (MINGuS), France
2Fields Institute for Research in Mathematical Sciences, Toronto, Canada

∗Email: ariquier@fieldsinstitute.ca

Abstract

We propose a FEM-based numerical approach
for wave–floating-structure interactions. The evo-
lution of the 2D fluid is governed by the incom-
pressible free-surface Navier-Stokes equations.
The motion of the rigid body is prescribed by
Newton’s equations, accounting for both the grav-
itational and buoyancy forces.
Keywords: Wave–structure interaction, Finite
Element Method, ALE, Navier-Stokes equations.

1 Floating body and buoyancy
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Figure 1: Schematic representation of the con-
figuration.

Consider a freely-floating rigid body in a vis-
cous two-dimensional fluid of density ρ and vis-
cosity ν. The fluid domain is denoted Ω. Its
boundary is decomposed as ∂Ω = Γa ∪ Γw ∪
Γb ∪ Γwall (Fig. 1). Due to the displacement
of both the free surface and the floating body,
the quantities Ω, Γa, Γw and Γwall are, in fact,
time-dependent. For the sake of simplicity and
brevity, we shall only consider the case of a rect-
angular body moving in the mere vertical direc-
tion.

The distance δ between the center of mass
and the body equilibrium position is given by
the Newton equation

mδ̈ + ρg|Γw|δ =

∫
Γw

(Π− 2ν∂zuz)

where the fluid velocity u and the hydrodynam-
ical pressure Π = P −Patm + ρgz are computed

through the incompressible free-surface Navier-
Stokes equations on Γa, homogeneous Dirichlet
on Γw ∪ Γb and u|Γw = δ̇ez at the wetted line
Γw. The equation on the vertical displacement δ
is in fact a combination of Newton’s equations,
accounting for both the gravitational and the
stress exerted on the solid by the fluid (including
the viscosity), and the Archimedes equilibrium
equation.

2 Added mass effect

When a partially submerged structure acceler-
ates in a fluid, it does not move alone: it sets a
portion of the surrounding fluid into motion too.
The added mass corresponds precisely to the
inertial component of this supplementary fluid
motion. This inertial contribution is contained
in the pressure forces acting on the body’s wet-
ted interface. Let us first consider an ideal, in-
compressible, and irrotational fluid. In this set-
ting, the velocity field is the gradient of a scalar
harmonic potential ϕ. This potential depends
linearly on the velocity of the solid. More pre-
cisely ϕ(t, x) = δ̇(t)ϕ(t, x) + ϕfluid(t, x) where ϕ
is the harmonic potential which satisfies at the
boundaries:

(∂nϕ)|Γw = 1, (∂nϕ)|Γb∪Γwall
= 0, ϕ|Γa = 0.

Note that since the fluid domain moves, this
harmonic potential ϕ consequently depends on
time.

Within the framework of irrotational fluids,
the pressure can be computed from the potential
through Bernoulli’s equation, relating the evo-
lution of ϕ to the velocity’s squared Euclidean
norm and the pressure. When the latter is inte-
grated over the surface of the body to evaluate
the hydrodynamic force, the term involving the
time derivative of the potential produces a con-
tribution proportional to the acceleration of the
solid. We can interpret this inertial contribution
as an added mass. Within the Navier-Stokes
framework, the velocity field can be decomposed
into the gradient of a potential responsible for
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the added mass effects, plus a non-inertial re-
mainder that can no longer be expressed as a
gradient due to viscous effects. Then the hy-
drodynamical pressure is decomposed into an
added-mass term and a non-inertial hydrody-
namical pressure Π = −ρδ̈φ+Π̃. Thus, the New-
ton equation becomes

(m+ma)δ̈+ ρg|Γw|δ = f̃hyd :=

∫
Γw

(Π̃− ν∂zuz)

where the added mass is given by

ma :=

∫
Ω
ρ|∇φ|2.

The evolution of the fluid’s quantities (u, Π̃) is
achieved through the Navier-Stokes equations:

ρDtu+∇Π̃− ρν∆u = aδ∇φ in Ω(t),

∇ · u = 0 in Ω(t),

Π̃n+ 2νD[u]n = aδφn+ ρgzn on Γa(t),

u = 0 on Γb ∪ Γwall(t),

u = δ̇ez on Γw(t),

where

aδ := ρ
f̃hyd − ρg|Γw|δ

m+ma
, Dt := ∂t + (u∇).

We denoted as D[u] is the symmetric part of the
gradient tensor and n the unit vector perpendic-
ular to the free surface.

3 Numerical method

Numerical approximation of the solution to this
problem is achieved extending the scheme in-
troduced in [3] to handle the movements of the
solid body. At each time iteration, the har-
monic potential ϕ, the velocity u and the pres-
sure p are approximated using the Finite Ele-
ment Method, implemented using the FreeFEM
library [1]. Taylor-Hood (P2,P1) elements are
used for the Navier-Stokes solver. Advection of
the free-surface Γa(t) and of the wetted bound-
ary Γw(t)∪Γwall(t) is achieved transporting the
whole triangulation with the fluid (the ALE method
of [2]). This ensures an accurate depiction of
the movement of both the free surface and the
floating solid body. The fluid’s pressure and ve-
locity, needed for Newton’s equation, are first
computed during a predictor step. The solid’s
velocity δ̇ is then computed from these first es-
timates. From this, the fluid’s pressure and ve-
locity are recomputed (corrector step) and then
used to advect the mesh.
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Figure 2: Simulation of an immersed solid mov-
ing upward due to buoyancy: initial mesh (top),
free surface evolution (middle) and vorticity ω,
reminiscent of the separation observed in [4]
around fixed obstacles (bottom).

Data accessibility and reproducibility

The FreeFEM scripts along with the post-processing
python notebook can be found here.
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